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Abstract 

In this paper, we compute the homology coalgebra and cohomology algebra over a field of all polyhedral products 
and give a duality theorem on complementary polyhedral products. 



The moment- angle complexes have been studied by topologists for many years (see [19] [15]). In 1990's Davis and 
Januszkiewicz [8] introduced toric manifolds which are studied intensively by algebraic geometers. They constructed a 
, i-H ffl iasi-toric manifold from a moment- angle complex the topology of which is complicated and getting more attentions 
by topologists lately (see [11] [14] [4] [18] [10]). Recently a lot of work has been done on generalizing the moment-angle 
complex Z{K; D'^ , S^) to space pairs {X,A) (see [2], [3], [12], [16]). Such a space Z{K; X, A) is called a polyhedral 
product. But in general, the (co)homology of a polyhedral product is not known. 

\^ ' In Theorem 1.6, we construct a chain complex that is chain homotopic equivalent to the singular chain complex of a 

o; 

^Sj polyhedral product and compute the (co)homology group. In Theorem 2.5, we give a duality theorem on the complemen- 
r* tary polyhedral product. In Theorem 3.4, we compute the coproduct of the homology coalgebra of a polyhedral product 
by chain complex approximations. In Theorem 4.3, we restate Theorem 3.4 from the point of view of diagonal tensor 
product. In Theorem 4.4 to Theorem 4.7, we compute the cohomology algebra of some typical polyhedral products. 
The paper ends in Example 4.8 which solve an unknown problem suggested by Bahri. 



1 The (co) homology group of a polyhedral product 

Notations and Conventions In this paper, F is a field. All objects (groups, (co)chain complexes, (co)algebras, 
etc.) are graded vector spaces over F. Simplicial and singular (co)homology means (co)homology over F and means 
(8)F. So base and dual objects always exist and i/*(Ci®C2, (ii(8)c?2) — i?*(Ci, c?i)(g)i/*(C2, ^2)- Since cohomology is 
always the dual vector space of homology, all the proofs of the cohomology case are omitted in this paper. 

For a positive integer m, [m] denotes the set {1, 2, • • • , m}. 

'Project Supported by Natural Science Foundation of China, grant No. 11071125 
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A simplicial complex K with vertex set 5 is a set of subsets of 5 such that if t € K and a C t, then a € K and 
{s} e K for every s & S. 2^ is the full simplicial complex consisting of all subsets of S. All simplicial complexes have 
the empty simplex cp as the unique — 1-dimensional simplex except the void complex {} that has no simplex. 

Definition 1.1 Let {X,A) = {{Xk,Ak)}'^^i be a sequence of topological space pairs and K be a simplicial complex 
with vertex set a subset of [m]. The polyhedral product Z{K;X,A) is the topological space defined as follows. For a 
subset a of[m], define 

Dia)=Y,x...><Y., 1^ = { J i;;^^; 

Then Z{K;X,A) = UaeKD{a). 

Notice that different from the usual definition, in a polyhedral product Z{K;X,A), the vertex set of K may be a 
proper subset of [m]. This will give a complete conclusion for duality. 

Definition 1.2 A system V with index set A is a direct sum group V = ®aeAVa such that every Va is a graded group. 
For a subset T of A, the system U = ®j^rVj is called the subsystem ofV with index set T. For two systems V = ®aeAVa 
with index set A and W = (BpenW^ with index set H, their direct sum system V(BW = {(BaeAVa)®{®0enW^) is the 
system with index set Aull f^LJ disjoint union). It is obvious that both V and W are subsystems of V(BW. For two 
systems V = ©qgaKi and W — (BaeAWa with the same index set A, there diagonal tensor product V^W is the system 
V^W = (BaeA Va^Wa with index set A. 

Definition 1.3 Let K be a simplicial complex with vertex set a subset of [m] and ^,fl be two subsets of [m]. 
Define I{K;T,,n) = {{a,u))\a e K, a C T,, co C ft, aUco = cp} and I{K;T,,Q) = {{a,u>) e 7^ (/>}. For 

{a, uj) e I{K; E, fl), -FTo-^i^ = {rj £ linkj^ cr 1 1] C w}, where link^f cr = {r | ctUt G K, aDr = (j)} is the link of a. 

The simplicial homology system, H^,{K; S, Q,) of K with index set I{K; S, O) is defined as follows. 
H,{K-^,n) = ©(.,<.)6/(if;E,o)i?"'"(i^), m'^'iK) = 
where is the reduced simplicial homology over¥. H*{K;'E,il) is the subsystem of H^{K;T,,Q) with index set 

Dually, the simplicial cohomology system H*{K; S, O) of K with index set I{K; S, O) is defined as follows. 

where H^~^ is the reduced simplicial cohomology overF. H* {K;Y,,fl) is the subsystem of H*{K;'E,fl) with index set 

7{K;i:,n). 

It is obvious that there are system direct sum decompositions 

H,{K; E, n) = H,{K; S, 0) ® H^iK; S, n), H*{K; E, n) = H*{K; E, ® H*iK; E, n). 

Definition 1.4 Let i:A^B be a graded group homomorphism. Since A is a vector space over F, we can take 
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a subgroup i of A such that A = keri ® i (so i = coimi^. Define quotient graded group (depends on the choice of i) 
AUi B = {A(BB)/C with C = {(a, —i{a)) | a G i}. It is obvious that the isomorphism class of AUi B is independent of 

the choice of i and both A and B are subgroup of AUi B. 

Definition 1.5 Let {X,A) = {(^fe,^fe)}feLi sequence of topological space pairs and ik-Ht,{Ak) — >• 
be the singular homology homomorphism induced by the inclusion map and i^:H*{Xk) — >■ H*{Ak) be the dual of ik- 
Suppose a fixed direct sum decomposition Ht,{Ak) = kerife®coimife, H^{Xk) = imife®cokeri/; and the dual decomposition 
H*{Xk) = keri^Qcoimi^, H*[Ak) = imi^Qcoker?^ are given for k = 1, • • • ,to. Then we have dual groups 

niX,A) = {H,{Ai)U,,H,iXi))(S---®{H,{A„,)U,^H4X„,)), 
T*iX,A) = (i/*(Xi)U,.if*(Ai))®---«.(F*(X„)U,^fl-*(A„)). 
For any subsets a,uj of [m] such that aDuj = (p, define subgroup T^''^ {X, A) o/T*(X, A) and subgroup T*^[X,A) of 
T*{X,A) as follows 

{cokeri/j if k € a, 
kcr/fc iffcew, 
imzfc = coimife otherwise, 

{kerf^ if fc e cr, 

cokeri^ if G w, 
im i1 = coim i^ otherwise. 

Since the (co)homology is over the field F, we have 

T, = {k\ cokerifc 0} = {A; | keri^ ^ 0}, f2 = {fc | kerife ^ 0} = {fc | cokeri^ ^ 0}. 
It is obvious thatT^''^{X,A) =0 andTl^{X,A) = j/a^Z^S orw^fi. LetI{X,A) = {(cr, w) | crcS, wCfl, aHw = (/>}. 
ThenT^,{X,A) = ®(a,Lu)ei(x,A)T^''^ {X, A) andT*{X,A) = ®(^^^ij-j^j(^x,A)T*.^{X, A) are systems with index set I {X, A). 

For a simplicial complex K with vertex set a subset of [m], the homology generating system T^^^K] X, A) of K with 
respect to {X,A) is the subsystem of T^,{X, A) with index set I{K;X,A) = I{K:Tj,il), where S and ft are as above 
and I{K;'E,Q) is as in Definition 1.3. T^{K;X,A) is the subsystem of T^{K;X,A) with index set I{K;X,A) = 
I{K;'E,fl) andTit{K;X,A) is the subsystem of Tt,{K;X, A) with index set I {K; 11,(1)). It is obvious that T^{K;X, A) = 
f,{K-X,A)®T,{K-X,A). 

Dually, the cohomology generating systemT*{K;X,A) of K with respect to {X,A) is the subsystem ofT*{X,A) with 
index set I{K;X,A). T*{K;X,A) is the subsystem ofT*{K;X,A) with index set7{K;X,A) and f*{K;X,A) is the 
subsystem ofT*{K;X,A) with index set I{K;T,,(j)). It is obvious that T*{K;X,A) = f*{K;X,A)®T*{K;X,A). 

By definition, n{X,A) = n{2^"'-'i; X, A) and T*{X,A) = T*(2M;X, A). 

Theorem 1.6 Let M = Z{K;X,A), {X,A) = {{Xk,Ak)}'^^i, be a polyhedral product such that every Ak is either 
an open subspace of Xk or a deformation retract of an open subspace of Xk and everything else be as in Definition 1.3 
and Definition 1.5. Then the (co)homology group (over ¥) of the polyhedral product M is isomorphic to the diagonal 
tensor product of the simplicial (co)homology system of K with index set I{K;X,A) and the (co)homology generating 
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system of K with respect to {X,A), i.e., H^{M) ^ H^{K;E,n)^n{K;X,A) andH*{M) ^ H*{K;i:,n)®T*{K;X,A). 
Precisely, 

H,{M) ^ (Bi„,u,)eiiK;X,A)H:^"{M) , H^^^iM) = H^^^^ {K)®T^'^ {X, A), 

H*{M) ^ ®i.,u.)eiiK;X,A)K^iM) , if;„(M) = F;„(i^)0T;„(X, A), 

where H^'^^iK), H* ,,{K), T^''^{X,A), T;^^{X,A) are as in Definition 1.3 and Definition 1.5. 

The diagonal tensor product is natural in the following sense. If K is a simplicial suhcomplex of L, then I{K; X, A) 
is a subset ofI{L;X,A) and so T^{K;X,A) is a subsystem, of T^{L; X , A) . For (cr,w) e I{K;X,A), let i„^^: Ht''^ {K) ^• 
H^''^{L), i:Hif[K) Hif[L) be induced by the inclusion mMp, then we have the following commutative diagram 

e Fr"(i^)®Tf'"(X,A) ®"'-^] (B h:'"{L)^jT:'^{X,A) 

H.,{Z{K;X,A)) ^ H,{Z{L-X,A)), 

where 1 denotes the identity. Dually, we have the following commutative diagram 

®H*^JL)®T;JX,A) ®H*^JK)®TIJX,A) 

\\i ^ II; 

H*iZ{L;X,A)) — ^ > H*{Z{K;X,A)), 

where il^^=Q if{a,co) Gl{L;X,A), {a,co) ^I{K-X,A). 

Proof We may suppose that every Ak is an open subspace of X}., otherwise, replace Ak by the open subspace of X}. 
of which Ak is a deformation retract. 

For a topological space Y, denote by (5'*(y),d) the singular chain complex over F of Y. Take a representative in 
5** {Ak) for all homology classes in a base of ker and coim ik and denote the two sets of such representatives respectively 
by tk and ifc. Take a representative in for all homology classes in a base of cokcrife and denote the set of these 

representatives by Cfc. For every x e fife, take a fixed y E such that dy = x and denote by the set of all 

such y. Let Ui,{k) = F(fifcUifcUcjt;Uqfe) and = F(6fcUifc), where ¥{s) is the vector space over F with base s. Then 

(?7*(fc),d) and {Vi,{k),d) are respectively chain subcomplexes of {S*{Xk),d) and that make the following 

diagram commutative 

{V,ik),d) ^ {U,{k),d) 

{SMk),d) ^ iS4Xk),d), 
where we use ik to denote all inclusion of chain complexes. The two vertical inclusions are chain homotopy equivalences 
that induce homology group isomorphisms. 

Let {C^{m),d) = {U^,{1)®- ■ ■®U^,{m), d®- ■ -^d). Construct chain subcomplcx (C*(M),(i) of {C^,{m),d) as follows. 
For a subset a C [m], define {C^{a),d) = (VK*(l)(g)- • •ig)W*(m), d®- • -(gxi), where Wt,{k) = U^,{k) if fc £ cr and W^{k) = 
V*(A;) if ^ cr. Then for a C a', {Ci,{a),d) is a chain subcomplex of (C*(cr'),d) and for all a,T C [m], C*(cr)nC*(r) = 
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C*((Tnr). Define C*(M) = +<^g^C*((j) (not 0!). Then (C*(M),d) is a cliain subcomplex of {St,{M),d). Denote the 
inclusion by (a(Af),d) ^ (S',(M),d). 

Now wc prove Im'- {C^^,{M), d) — > (^^(A'/), d) is a chain homotopy equivalence, i.e., the homology homomorphism 
[im)*'- H^{C^{M),d) — ^ H^{M) is an isomorphism. We use induction on the number of maximal simplices (a maximal 
simplex is not the proper face of any simplex) of K . If K has only one maximal simplex cr, i.e., K = 2"^ for a subset <j 
of [m], then im is the composite of the following inclusion chain homotopy equivalences 

where D{a) is as defined in Definition 1.1, the first inclusion is the tensor product ii®- ■ -^im and the second is the 
Eilenberg-Zilber chain homotopy equivalence. Suppose ijv is a chain homotopy equivalence for all polyhedral product 
A'' = Z{L; X, A) such that L has < u maximal simplices and K is a simpicial complex with u+1 maximal simplices 
fi, ■ • ■ , Cu+i- Denote by Ki the simplicial complex with maximal simplices o-i,---,(T„, K2 = 2'^"+i, K3 = KiriK2 
and Mi = Z{Ki;X,A). Then by induction hypothesis, is a chain homotopy equivalence for k = 1,2,3. Prom the 
following commutative diagram of short exact sequences 

0^ a (Ms) ^ C,{Mi)®C,{M2) a(M) ^0 

0^ S^Ms) ^ S,{Mi)®S4M2) (5,(Mi)©S',(M2))/5,(M3) ^0 

we get a chain homotopy equivalence i'^^. By excision axiom, the inclusion is'. (S',(Mi)©5,(M2))/S'*(M3) — > S^,{M) is 
a chain homotopy equivalence and so im = isi'M is a chain homotopy equivalence. The induction is completed. Thus, 
H^{C^{M),d) ^ i?*(M) for all M. 

C*{M) has a base $ = {ai®---®am G C*(M) \ ak € tfe or ife or Cfe or q/;}. Then T^{K;X,A) is a subgroup of 
C*(M) with base A = {a\®- ■ -(Siam e Tt,{K; X, A)\ak & 6fe or i^ or c^}. Define equivalence relation ~ on $ as follows. 
ai0- • -(SxXm ~ bi^- ■ -i^bm if for every k = 1, - ■ ■ ,m, either ak = bk, or dak = bk, or dbk = ak- Then every equivalence 
class has one and only one elment in A, i.e., the equivalence class set $/ ~ is in 1-1 correspondence with A. For every 
X € A, let C*(x) be the subgroup of C,(M) with base {y £ ^ y} (just the equivalence class of x). It is obvious that 
(C*(x),(i) is a chain subcomplex of {C^{M),d) and we have a direct sum decomposition (C*(M),(i) ~ (BxeA{Csf{x), d). 

Now consider the chain complex (C, (.x), d). Suppose x = ai^- ■ •'S)am, a = {k \ ak € Ck}, u) — {k \ ak d tk}- For any 
base element y = bi^- ■ •®6m e C*(x), define % = (fc | afe ^ bk}- By definition, riy C co. Since y G C*(M) = ©reKC'*(T), 
there is a r G if such that y e C*(r). This implies that riyUa C r. So % G it'o-.w = {?? C w | jjUct G if, Jjricr = (ji}. 
Conversely, for 77 G -K'^.w, define = 6i(8>- • -(8)6™ be such that bk = ak if k ^ r] and d6fc = afe if fc G 77. Then yr, ^ x and 
y,, G C*(M), since riUa G /f. So the correspondence y — >^ % is a 1-1 correspondence from the base of C*(a;) to i^o-.w 
and induces a graded group isomorphism 'ip:C*{x) — >■ Sl^l+^C*(ifcr,a)), where S'^ means uplift the degree of a graded 
group by k and C*{Kcr,uj) is the augmented simplicial chain group with base K^^^^. Let d^ (depends on the multi-degree 
(|ai|, • • • , lomD) be the diff'erential on Ct,{K„^^) defined by 
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dA{ii, ■ ■ -Js}) = S«^,(-l)l«l+l°^l+-+l«^.-i|+'=-i{ii, • ■ ■,ik-i,ik+i, ■ ■ ■,is}- 
It is easy to check that dj;ip = i^d^- So is a chain complex isomorphism from (C,(x),(i) to (El^l+^C*(i^cr,a;)) c^x)- 
Let d be the usual differential of C\{K„.j) define by d{ii, ■ ■ ■ ,ig} = E|.^-^(— • • ■ , ife+i, ■ • ■ , ig}. Then 
the correspondence {ii, ■ ■ ■ ,is} — > {—iy{ii,---,is} with t = (|ai|+---|aij_i|)+(|ai|+---|ai2_i|)H — h(|ai|+---|ai,_i|) induces 
a chain complex isomorphism from {Cf{K^^i^),d) to {C^{K^_i^), d^)- So H^{C^{Ki^_i^),dx) is independent of dx and 
H,{C,{x),d) = E\''\+'H,{C,{K^,^),d) = = Sl^lir^''"(i^) = H:'"{K)^¥{x), where F(x) is the 1- 

dimensional graded group generated by x with degree \x\. 

Thus, F.(M) = e(,,„)e7(if;x,A)( e,eA,xeT--(x,A) ffr"(if)0F(a;)) = e(.,.,)e/(K;X,A)if"'"(^)®Tf'"(X,^). 

U N = Z{L; X, A) and is a simplicial subcomplex of L, then (C*(M), d) is a chain subcomplex of (C*(A''), d) such 
that ((7* (i^CT^t^,), d)<^¥{x) is a chain subcomplex of (C* (io-,w), d)(8>F(a;) for every a; G T* (JC; X, A). So the diagonal tensor 
product is natural. 

Theorem 1.7 Let everything be as in Theorem 1.6. Let iM- H*{M) — >• H^{X) and i"^: H* {X) — >• H*{M) he singular 
homology and cohomology homomorphism induced by the inclusion map from M to X with X = XiX- ■ -xXm. Define 
H*{M) = coim^M, Tl*{M) = keriM, H*{M) = imi*^ andH*{M) = cokeri^. Then 

H,{M) ^H,{K;^,fl)^T4K;X,A), H,{M) ^f,{K-X,A), 

H\M) ^H*{K;Y.,n)®T*{K;X,A), H*{M) ^f*{K;X,A). 

Proof Regard X as the polyhedral product X = Z{2^"'^;X,A). If u ^ (j), then (2^)^^^ = 2" and if^'''^(2M) = 
0. If w = (f), then K„^^ = (2H)^_^ = {0} and H;''''{K) = iJ*'''"^(2M) = F. Identify H;''''{K)^T^''''{X,A) with 
Tf'^(X, A). Then we have H,{M) = ( e^eK T:'^{X,A)) ( ®^„^^)^j^k.x,a) S, O)0Tf'"(X, A)), H^X) = 

®^£2['"l^*''''^(-'^> The homomorphism induced by inclusion map ia,^: H*'"{K) H^''^{2^™^) satisfies v.w = Oi{uj ^ (f> 
and = 1 (1 identity) for a € K. So by Theorem 1.6, keriM = 'H*{K-T,,n)§)T^{K; X, A), coimiM = f;(ii';X, A). 

Example 1.8 For q ^ r, the standard inclusion of the sphere ^ induces an inclusion map 6: S'^ — > 5''"+^, 
where we regard 5''+^ as one-point compactification of R'"+^. So (5'"+^, S^) is a space pair. For qk ^ rk, k = 1, - ■ ■ ,m,let 
M = Zk( '''^^ "' "^"^^ ) = Z{K;X,A) be the polyhedral product with every space pair {Xk,Ak) = 
Then I{K-X,A) = I{K; [m], [m]) = {{a,u))\ae K,anu) = (f>}. 

We first compute the (co)homology generating system of {X, A). Since all the graded groups ker ife, coker coimzfc = 
imzfe and their dual groups are one dimensional, we use the degree to represent the unique generator of the group. Then 
both H^,(Ak) H^{Xk) and H*{Xk) Ui» H*(Ak) are graded groups generated by three generators 0,qk,rk + l- For 
every (ct, w) £ I{K', [m],[m]), T^''^{X,A) and T*^^{X,A) are 1-dimensional generated by T{a,u)) = rii®- • -(Emm such 
that rik = Tfe+l if fc e cr; nfc = ^fe if fc e w; rife = otherwise. So |T(cr, w)| = Ei^crifi + 1) + ^jeuQj- 
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So for {a,u)) € I{K; [m], [m]) and integer fc > 0, 
and 

i?* (M) = (BaeKVa , H* (M) = (BaeK^^ , 

where is a copy of F regarded as a graded group with degree 0. 

2 Duality 

Recall that for a simplicial complex K with vertex set a subset of S, the Alexander dual of K relative to S is the 
simplicial complex K* = {S\a \ a C S, a ^ K}. 

Theorem 2.1 Let K be a simplicial complex with vertex set a subset of [m] and K* be the Alexander dual of K 
relative to [m]. Then for any two subsets a,uj of [m\, (cr, w) G I{K;[m],Q) if and only if {a,co) e I{K*;[m],fl), where 
a = [m]\{a[Joj) and I{K; [m],ri) is as in Definition 1.3. 

For any (u, w) e I{K] [m],ri), there are duality isomorphisms 

that are dual to each other, where \uj\ is the cardinality ofuj. Dually, there are duality isomorphisms 

that are dual to each other. C,a,ui{K) and Q^^{K*) are inverse of each other and Q^j{K) and (a,uj{K*) are inverse of 
each other. 

Proof Let K* be the Alexander dual of K relative to [m] and (K^^^)* be the Alexander dual of K^r^ui relative to uj. 
We prove {Kc,,u:)* = {K*)a^^. For ry e (-ftTcr.w)*, we have 77 C w and uj\r] ^ K^^^. So CTU(w\r?) ^ K, [m] \ {aLl{cj\i])) = 
aUr] G K*, r] G (-fl'*)?,^. So (-f^o-.o;)* C Conversely, for 77 G {K*)^^^, we have rj C lo and (rUry G K* . So 

[m] \ (crUr?) = aU(a;\r/) ^ K, cj\r] ^ K^^^, rj G {K^,^,)*. So {K*)^^^ c (ii'^^.c.)*. Thus, {K*)^^^ = {K^,u^)* and the 
correspondence {cr,u) — > (ajW) is a 1-1 correspondence from I{K; [m],fl) to I{K*; [m],fl). 

Denote K^^^ = {K^y^i^)* = {K*)^^^- Let (C*(2", Ka,uj), d) be the relative simplicial chain complex. Since -ff,(2") = 0, 
we have a boundary isomorphism d: H^{2'^ , K^^^) — > Htf-i{K^^u) = H^'"{K). C*(2", if^^uj) has a base consisting of 
all non-simplices of Ka,u,, i.e., K^^^ = {rj C oj\r] ^ -f^o-.w} is a base of C*(2", JT^.o;)- The correspondence r] — > io\r] 
for all rj G -R^ctw induces a dual complex isomorphism tp: (C*(2'^, i^T^.w)) f^) ^), (5) that induces isomorphism 



^:F*(2",-fl'<T,c.) ^ H\'^\-*-^{Ki J = H^^l~*~'^{K*), where {C*{KIJ,6) is the augmented simphcial cochain complex 
of K~ ^. So C<7,ui{K) = 'tpd~^ is the isomorphism of the theorem. 

Theorem 2.2 Let M = Z{K;X,A), {X,A) = {{Xk,Ak)}'^^i, be a polyhedral product. Define its complement 
polyhedral product M'^ = Z{K*;X,B), {X,B) = {(-'^/s, -Bfe)}^i, where Bk = Xk\Ak and K* is the Alexander dual of 
K relative to[m]. Let X = XiX- ■ -xX^. Then M" = X\M. 

Proof For a subset a of [m], 2'^ has one maximal simplex a. If cr = ■ ■ ■ ,is}, then (2*^)* has s maximal simplices 
ii, • ■ • ,is, where i = [m]\{i}. So X\D{a) = Ui^aD*{i), where D* is defined by that 



D*{io)=ZiX---xZ^, Zi 



Xi if i e w, 
Bi if i ^ w. 



This implies that when K = 2'^ , X\Z{K; X, A) = Z{K*; X, B). It is easy to check that for any two simplicial complexes 
K and L, {K U L)* = K* n L* and Z{K* nL*;X,B) = Z{K*;X, B) n Z{L*; X, B). So for any simplicial complex K, 

Z{K*-X,B) 

= ziiu,^K2n*;X,B) - z(n,eK(2")*;^,s) = n^^KZ{{2-r;X,B) 

= n^eK{X\Z{2";X,A)) = H^^k {X\D{a)) = X\( U^^^ L>(a)) 
= X\Z{K;X, A). 

The theorem is proved. 

By definition, the Alexander dual of {0} relative to [m] is 2l™I\{[m]}, the Alexander dual of {} relative to [to] is 
21™!. So the complement polyhedral product of Z{{}; X, A) — (j) is Z(2t™l;X, iJ) = X and the complement polyhedral 
product oi Z{{<j)y,X,A) =AiX---xA,n is 2(2H\{[m]}; X, S). 

Definition 2.3 Let {X,A) = {{Xk,Ak)}^^i be a sequence of space pairs satisfying the following two conditions. 

1) Every is a closed orientable manifold (with respect to homology overF) of dimension ri~- 

2) Every Ak is a polyhedron proper subspace of Xk that is the deformation retract of a neighborhood. 

Let {X,B) = {{Xk, Bk)}™^-^ be such that Bk = Xk\Ak is the complement space of Ak for k = 1, ■ ■ ■ ,m. We have 
the following commutative diagram of long exact sequences 

••• > Hn{Ak) Hn{Xi-) Hn{Xk,Ak) >■■■ 

> H^>'-^{Xk,Bk) ^ H-'-^{Xk) ^ H^^-^{Bk) ^ H^^-^+\Xk,Bk) 

where ak,Pk are Alexander duality isomorphisms and 7fe is Poncare duality isomorphism. 

The duality isomorphism ^(^x, A)'- T*{X, A) T*{X,B) (not degree preserving!) is defined as follows. For ai<Si- ■ -^am G 
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lk{ak) 
. lk{ak) 

Dually, we have the following commutative diagram of long exact sequences 



{d*k) ^(afe(afe)) ifafcGkcrife 
if Ofc G coimz/c 
if Ok G im ik 
if a/j G cokeri/; 



4 



The duality isomorphism 7^^- T*(X, A) — )• T*(X, B) is defined as follows. For oi®- • -^am S ^^(X, A), 



H-rk-n{Xk, Bk) 



7(x,A)(ai®---®«m) = ^if^ 



dkialiak)) if ttfe e cokeri^. 

7fc((ife)"Hafc)) ifofeGimi^ 

7fe(afe) if a/c € kcri^ 

Iki'^k) if flfe e coimi^ 



Theorem 2.4 Let everything he as in Definition 2.3. Then for any simplicial complex K with vertex set a subset of 
[m], I{K; X, A) = I{K; [m], O) = I{K*; [m], O) = I{K*; X, B), where O = {fc | ker ife ^ 0} = {fc | kerp^ ^ 0}. 

The duality isomorphisms 7(x,a) andj^-^ satisfy that for every {a, to) G /(2M;[m],f2), the restriction onT^'"{X,A) 
and T*i_^{X,A) are the following group isomorphisms 

7,,„: Tr"(x, A) ^ rr-i"i-*(x, B), iI,^:t;jx, A) ^ B), 

where r = ri+- ■ ■+rm, ^ — [m]\{ayjuj) and \lu\ is the cardinality ofui. Equivalently, 7(x,A) = ©(<T,a;)e/(2[H;[rn],n) 7o-,w 

and llx,A) = ®(a,t.')e/(2l'"l:[m],f2) 1a,cj- 

So for polyhdedral product M = Z{K; X, A) and complement M"^ = Z{K*;X,B), there is a (purely algebraic) 
isomorphism pm- H^{M) — >• TT * ^(M°) and its dual map p^: H*{M) — >• Hr-*-i{M'^) defined by 

PM = ®(a,u;)e7(K;X,A)Ca,u, W<8>7a,u, and p*M = ®(<,,„)£7(K;X,A)C,a,(^)®7^,u,- 

Proof From the following commutative diagram of long exact sequences 

••■ > Hn{Ak) Hn{Xk) Hn{Xk,Ak) Hn-l{Ak) >■■■ 

'^H 

> if'=-"(Xfc,Bfe) ^ H^'-'^iXk) ^ H^'-^'iBk) ^ i?'^'=-"+i(Xfe,Bfc) 

we have isomorphisms kerifc = cokerp]^ = kerpfe, cokeiik — coimp^ = impfc and imifc = kerp]^ = cokerpfc. So keiik 7^ 
if and only if ker pfe 7^ and {k \ ker i^ ^ 0} = {k\ ker ^ 0} = O. Since {Ak) = 0, H^^ (Bk) = 0, H^^ i^k) = ^, we 
have cokerifc 7^ and cokerp^ ^ for all k. So {k \ cokerife ^ 0} = {fc | cokerpfe ^ 0} = [m]. 

For 7(x,A)(ai'8>' • ■•S'ttm) = bi^- ■ -^bm, we have Ok G keri^ if and only if bk G cokerp^; Ok G imifc if and only if 
bk G kerp^; ak G cokerifc if and only if bk G coimp^. So we have the isomorphism 7cr,a;. 
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Theorem 2.5 Let everything be as in Theorem 2.4- Then both the polyhedral product M = Z{K;X,A) and its 
complement polyhedral product = Z{K*;X, B) satisfy the condition of Theorem 1.6 with I{K; X, A) = I{K; [m], fi) = 
I{K*; [m], fl) = I{K*; X, B). For X — Xi^i- ■ - xX^n, we have the following long exact exact sequences, 

> Hn{M) Hn{X) ^ Hn{X,M) ^ Hn-^{M) ■ ■ ■ 

> H^-^M) % H''{X,M) ^ H'\X) % H'^iM) — ^ • • • . 

Define H^{X,M) = imju, H*{X,M) = coimSM, H*{X,M) = coimj]^, H*{X,M) = imdlj. Then 

H*+i{X,M)^H4K; [m],n)^T4K;X,A), H,{X,M) ^T^iK^-X^A), 
H*^\X, M) ^ H*{K- [m],Q)^T*{K- X, A), H*{X, M) ^ f^K"; X, A), 
where f^{K'';X,A), f*{K'';X,A) are subsystem ofT^{X,A), T*{X,A) with index set {(ct, ?!>) | ct ^ K}. 

There are Alexander decomposition H^{M) = H*{M) ©!ff*(M), H*{M) = H*{M) ®H*{M) and complementary 
Alexander decomposition H^{X,M) = H^{X,M) ®H^{X,M), H*{X,M) = H*{X,M) ®H*{X,M) that satisfy the 
following properties. Let au'- H^,{M) H^~*{X,M'^) be the Alexander duality isomorphism. Then aM is the di- 
rect sum of restrictions um'- H^{M): ^ H'^'^*{X,M'^) and um- H ^{M) — !> (XjM"^) such that cxm = (BaeK Ja.4>, 
{dj^c)~^aM — Pm- Dually, let a\^:H*(M) Hr-*{X , M"^) be the Alexander duality isomorphism. Then a*j^ is the 
direct sum of restrictions a\j:H*{M) -> Hr-*{X,M'') and a%[:H*{M) -> Hr-*{X,M'') such that a*j^ = ®aeKla,4» 
dM'OtM = Pm- Equivalently, we have the following commutative diagrams. 

Mm) - f,{K-X,A) _ H.{M) - ®H^.'-{K)®T!--{X,A) 

H-*{X,M-) ^ f-*{{K*r;X,B) Tf-^X^M-) ^""H" ©i7H~*-'(/f*) ® T:-I"I-*(X, B) 

H*{M) ^ f*{K-x,A) h\m) ^ ®h;^jk)®t;^jx,a) 

Hr-4X,M-) - fr-4{K*r;X,B) Hr-,{^,M-) ^ (BH^^^_^_^{K*) (^T^^^^_^{X,B) 

Proof By Theorem 1.7, keri^ = H*{K;T.,n)ST4K; X, A), coimiM = ®aeKT^''^{X, A). From the long exact 
sequence for iM,jM,dM, S^-^coim^M — H^{K; [m],fl)®T^{K; X, A), hnjM = T*{K'': X, A). 

For two polyhedral product M = Z{K; X, A) and N = Z{L; X, A) satisfying the condition of the theorem, we have 
the following commutative diagrams of Mayer- Vietoris sequences (T — T^''^ {X, A) and T* = ^{X, B)). 
> HkiMriN) Hk(M)eHk{N) fffc(MUiV) 

> H'-^{X,{Mr\Ny) — > H'-^{X,W)®H''-^{X,N'') — > H'-''{X,{MUNy) — >■■■ 

^ fk{KnL;X,A) fk{K-X.,A)®fk{L-X,A) fkiKuL;X,A) 

&MnN ^ "MffiajV ^ &MUN J_ 

J. f'-''{{{Kf)L)*Y;X,B) — > f'-^{{K*Y;X,B)®f''~^{{L*Y-X,B) — V f'-''{{{KUL)*y;X,B) — 
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y H^''^{Kr\L)(g,T — ^ {Hl^"^ {K)(BHl-"' {L))®T — ^ H^^'^ {K[JL)(g,T — ^ ■ • ■ 

^ ifi"i,"''"'((i^nL)*)«)T* ^ {h^^I~''~\k*)®hI''1-''-\l*))(3T* Hf}j^-\{KyMY)<S)T* 

This implies that if Alexander and complementary Alexander decompositions exist for M, N and MdN, then they 
exist for MUN. So by induction on the number of maximal simplices, we need only prove that Alexander and com- 
plementary Alexander decompositions exist for M = Z{K; X, A) such that K has only one maximal simplex. This is 
checked in the following Example 2.6. 

Example 2.6 Let M = Z{K; X, A) be a polyhedral product satisfying the condition of Theorem 2.5 such that K 
has only one maximal simplex, i.e., M = Z{2'^;X,A) = Yix- • ■y.Ym, where Yk = Xk if k € t and Yk = Ak if k ^ r. 
Then Jf* = 2^ * (2^ \ {r}), where r = [m]\T and = Z{K*- X, B) with Bu = Xk\Ak. 

By Theorem 1.6, H.,{M) = H42^;^,n) § T42^;X,A). For (cr,w) G I{2^;X,A), K„^^ = {0} if wHr = and 
Ka,u = 2"^^ if wnr ^ (j). So H^-'^{K) = F if ljDt ^ and H"''^{K) = if wHt ^ cf). So by identifying F®r,'"'"(M) with 
rr"(M), we have that H,.{M) = r*(2^;X,^) = f*(2^; X, ^)©n(2^; X, A). Wc have Kiinncth isomorphism iJ,(M) = 
-ff*(^i)®- • •®-f^*(^m)- Since both and H^{Xk) are subgroup of U^^^ H^{Xk), if,(Fi)(8)- • -Oif^^m) is 

a subgroup of T^{X,A). Take the Alexander decomposition of H^{M) to be H^{M) = f{2'^\X,A) = {ai®- ■ -^a^ e 
-ff*(5^i)0---(8>-ff*(l^m) I there is no ak G kerife} and H*{M) = T^{2^;X,A) = {ai^- ■ -^am G if*(Fi)(g)- • •(g)if*(i^m) | 
there is ak G kerifc}. 

We have space pair equality {X, M^) = {Xi,Zi)x- ■ ■x{Xm, Z^), where Zk = (p if k € t and Zk = Bk if k ^ r. By 
Kiinneth theorem, H*{X, M") = H*{Xi, Zi)^- ■ ■<^H*{Xm, Zm)- Prom the following commutative diagram of isomor- 
phisms {pk is Poncare or Alexander duality isomorphism) 

H,{M) S H,{Yi)(S)- ■ -m^iYra) 

OtM ^ P\®---®Pm ^ 

H*{X,M'^) ^ H*{XuZi)^---m*{Xm,Zm) 
we have the complementary Alexander decomposition 

H*{X,M'') = {ai(E)---m,n e H*{Xi, Zi)(g)- ■ -^H* {X^, Z„,) \ there is no Uk G im9^}, 
H*{X,M'') = {ai(E)- ■ -mm G H*{Xi,Zi)^---(g)H*{Xm,Z^) \ there is Uk G im9*}. 
Por X = ai0- ■ -(gjam G f^{2'^;X,A), j'^^{{aM{x)) = • -^bm, where 6fe = 7fe(afc) if fc G r; 6fe = 'jk{ik{ak)) if k ^ t 
and flj G coimife. So jlid&Mix)) = 'y(^x,A){x)- x gT^''^{X,A) if and only if j;;^e(aM(a;)) G T|,^(X,B) {a=[m\\a). So 
by identifying H*{X,M'') with eaeifT| ,^(^, -B) = T*{{K*Y;X,B), we have Q!m = ®aeKja,<i>- 

Now we determine the subgroup H*{M'') of H*{M''). For {a,uj) G /C^ ^ = 2"\{w} if wHr = (p 

and /t^^^t^ = 2"' * (2""\{a;"}) if wflr ^ (f), where w' = wflr and uj" = ui\t. Notice that the geometrical realiza- 
tion of 2'^\{w} is a (|w|-2)-dimensional sphere. So H;^^{K*) = F; H*^^{K*) = Sl^l-^F if wHr = and w ^ 0; 
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H;JK*) = iiwnr ^ cl>. Take H*{M'') = e(,_„)^7(^.[^],^),^n.=^ff:. S)- Since C^^: m''^ (K) ^ 

H^^j^*~^{K*) is an isomorphism between 1-dimensional spaces, we may identify (cr,ujiK)'Sija,uj- H^''^ {K)'SiT^''^ (X, A) 
-> H^ai~*'\K*)^T;;J-\'*{X,B) with ^) ^ Tr-*-i(X,B). 

Define X:T{* {M") H*{X, M") as follows. For x = aiO- • ■<S'am G S'*(M'=), X{x) = fei®- • -O^m, where 

{ttk if k e T, 

dl{ak) if flfe e cokerp^ and fc ^ t, 
(<?fe)"HQ^fc) if «fe G kcrp^ and k ^ t. 

Then jIj^c (A(a:;)) = ql(bi)^- ■ •C><)q^(&m) ~ 0, since there is ak G cokerp^ and qli^li^k)) = 0. So A is just the restriction of 
dljc on H* [M'^). It is easy to check that for x = oi®- • -^am € r»(2'^; X, A), \^o,bj{x) = pi{ai)®- ■ ■®Pm{am) = aM{x). 
So {dlj.y^au = ©(<,,„)e7(if;[m],n) ^'"'"Wa.c. = ©(<.,,,)e7(K;M,n) CaAK)®la,^ = Pm- 

be as in Example 1.8. Since 5'' ^ is a deformation retract of 

qi ■■■ qm / 

5''+^— ^(5^), M'' is homotopic equivalent to Zk* ( ''">+i \ gy ^.j^g computation in 1.8, 

V ri-qi ••• rm-qm / 

Since H^'^iK) ^ and |T(CT,a;)| + |r(CT, a;)| = r-|w| (5 = [m]\{aUoj)), H^M) ^ fl^'-*-i(M^). 

Specifically, denote Z(K; r) = Zk( ^ ) . Then we have HJZ(K; r)) S r)). 

3 The cohomology algebra of polyhedral products 

Convention In the later part of this paper, a coalgebra (A, A) is a pair such that A: A — > y4.(g)A is a graded 
group homomorphism. Dually, an algebra (A, 11) is a pair such that 11: A® A — ^ A is a graded group homomorphism. 
(Co)associativity and unit condition is not required for a (co)algebra. 

To simplify notation, we always use the same symbol to denote a chain complex homomorphism and the homology 
group homomorphism induced by it. 

Definition 3.1 Let everything he as in Definition 1.3. 

The homology coproduct system of K with index set I{K;'£,Q) is a pair S, fi), A^) defined as follows. For 

every three set pairs {a, u), {a',Lj'), {a", co") G I{K; S, f2) such that a'Ua" C a, u C co'Uu)", there is a restricted coproduct 

A^: H;-'^{K) H;'''^'{K) O Hf''^"{K) 

induced by the chain complex homomorphism A^: E(7*(K'o-,w) — >■ ^C*{Kcr" f^C* is the augmented 

simplicial chain complex with degree uplifted by 1) defined as follows. For an ordered simplex r] G -K'o-,w; ^^{v) = 
{—lyrj'^T}", where rj' ,rji" are respectively ordered simplices of K„i^^i,Krr"^ui" such that r}' = r/Dw', 77" = ?7\?7' and (— 1)^ 
is the sign of the permutation from rj to ry'Llry". Precisely, for {ii,- ■ ■,is} G K„^^ with ii < ■ ■ ■ < is, 
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A«({n, ■ • ■ , is}) = ■ ■ ■ , • • ■ , ks}, 

where ji < ■ ■ ■ < ju, K+i < ■■■ < K, {ji,---,ju} = • • • , « jHw', {ji, • ■ • ,iu}U{fc„+i, • • • , fcj (-1)'' 

is the sign of the permutation ( *" '""'''^ '° ) . 7t is easy to check that {d()<)d)A^ — A^d. 

\ ji ■■■ ill feii+i ■■■ fes / 

Dually, the cohom,ology product system of K with index set I{K: S, il) is a pair (H*(K; S, f2), 11/?) defined as follows. 
For every three set pairs {a,u!), {a' ,ui'), {a" G I[K;'E,fl) such that a'Ua" C a, uj C co'Duj" , there is a restricted 
product 

that is the dual map of A^: ^'"{K) Hf''^'{K) O uf'^^'^K). 

Remark The restricted coproduct is the core of the cohomology algebra of polyhedral product. A^: T,C*{K) 
T,Ci,{K')^T,C*{K") is defined for all simplicial complexes K,K',K" such that the vertex set of ii" is a subset of the 
union of the vertex set of K' and K". Specifically, if if is a subcomplex of K'uK", then we can prove that the restricted 
coproduct is a simplicial approximation of the geometrical diagonal map A: (|2'^|, IJ^I) {\2^\,\K'\) x (|2^|, \K"\) = 
(|2'^|x|2'^|, (|ii:'|x|2'^|)U(l2'^|x|iir"|)) defined by A(a;) = {x,x), where | • j is the geometrical realization space and S is 
any set containing all the vertices of the three simplicial complexes. But in general, the restricted coproduct is purely 
combinatorial. 

Notice that when tensor product is involved, the gradation of T,Ct,{K) is natural for the restricted coproduct, i.e., a 
simplex {ii, • • • as a base element of I]C'*(i^) has degree s. 

Definition 3.2 Let i: {A, A^) — > {B,A^) be a coalgebra homomorphism, i.e., {ifS)i)A^ = A^i. By Definition 1.4, 
a decomposition A = kor«©i determines a group AUiB. Take a subgroup c of B such that B = imiffic (so c = cokcrij. 
The coalgebra (A Ui B,A) is defined by A\a — A^ and A\^ = A^ . It is obvious that {A, A-^) is a subcoalgebra of 
{A Ui B, A) and keri is a coideal of AUi B such that the quotient coalgebra {{A Ui B)/kcTi, A) = {B, A^). 

Dually, let i: {B,I1b) —>■ {A,Ua) be an algebra homomorphism, i.e., n^(i(8)i) = HIb- The algebra {B Ui A,I1) is 
defined by {B UiA, 11) = {A* Uj. B*, 11*)*, where * means the dual object. Then {B, Ub) is a subalgebra of {B Uj A, E) 
and keri is an ideal of BUi A such that the quotient algebra {{B Ui A)/keri,n) = (A, 11^). 

Notice that the coalgebra {A Ui B, A) depends on the choice of the subgroup i and c. So {A Ui B, A) may not be 
coassociative even if both {A, A^) and {B, A^) are coassociative. The algebra case is similar. 

The following theorem needs the definition of tensor product of coalgebras. Recall that for coalgebras {Ai,Ai), 
i = 1,2, the tensor product coalgebra (Ai®A2, Ai(g)A2) is defined as follows. For aj G Ai with Ai(ai) = Sa^(g)a", 
(Ai(8)A2)(ai(g)a2) = E (-l)l<ll«2l(a'i®4)®(a'/(8)4'). 

Theorem 3.3 Let everything be as in Definition 1.5. The homology generating coalgebra of {X,A) is defined by 
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where A^ is the coproduct of H^{A}S) Uj^^ H^,{Xk). 

Then for a simplicial complex K with vertex set a subset of [m], the homology generating system T^,{K; X, A) is a 
subcoalgebra of {T^,{X, A), A'^) and is called the homology generating coalgebra of K with respect to {X,A). 

Dually, the cohomology generating algebra of (X, A) is defined by 

{T*{X,A),Ut) ^ ( {{H*{X,) Ui. H*{A,))(S>- ■ ■(g>{{H*{Xm) Ui,^ H*{Am)),Il,^- ■ -mm), 
where Ilk is the product of H*{Xk) Uj* H*{Ak). 

Then for a simplicial complex K with vertex set a subset of [m], the cohomology generating system T*{K; X, A) is a 
subalgebra o/(T*(X, A),]!^) and is called the cohomology generating algebra of K with respect to {X,A). 

Proof Let x = aiCg)- • -(8)0™ G T^''^ {K; X, A), i.e., Ok £ cokerifc if fc £ ct; G keri^ if fc £ w; £ coiniifc 
otherwise. Suppose Afc(afe) = Saj^^a^'. Then A'^{x) = E ± {a'l^- ■ -^a'^) (a"(8>- • -(gia^). If £ cokeri^, then 
a'l.,a'k € cokerifc or imik- If afe £ coimifc, then a'f^,a'l £ coimifc or kerifc. If ak £ keri^, then either both aj, and a'l 
are in kerife, or one of them is in coimife and the other is in ker ife. This imphes that if a'l®- ■ -^a^ £ T^ {X, A) and 
a'{'S>- ■ ■'S>a'^ £ T^ {X,A), then a' C a, a" C a and u! C uj'Uui". Since ii" is a simphcial complex, a G K imphes 
a', a" £ K. So Tf {X, A),Tf {X, A) £ n{K;X,A). n{K;X,A) is a subcoalgebra of T*(X, A). 

Theorem 3.4 Let everything be as in Theorem 1.6. 

The coproduct A of H^{M) = H^{K;'E,Q)^T^{K; X, A) is as follows. Let a £ H^'^{K) and x £ T^'"{X,A). 
If A'^(a;) = T,iX^®x'( with x[ £ T^''''^*{X,A) and x'l £ T^' {X,A), then we denote by Aj the restricted coproduct 
A^:m''^{K) Hf""''{K)^Hf''^'{K) defined in Definition 3.L Suppose Ai(a) = T,ja[^^®a'ly then 

A{a®x) = Si,,-(-l)l<ll«--lK,^.®a;0 ® (a-X). 

Dually, the cup product H of H*{M) = H*{K;T,,n)^T*{K; X, A) is as follows. Leta' £ H;,^^,{K), a" £ H;„^^„{K), 
x' £ T;,^^,{X,A) and x" G T*„^^„{X,A). IfUrix^x") = Y^uVk with yu £ T*^ .^^{X,A), then we denote by Hfe the 
restricted product Hr: H*, ^,{K)®H*,, ^,,{K) H*^ ^^[K) defined in Definition 3.1. Suppose 11^(0', a") = Si6/c,;. 
Then 

{a'm'Ma"®x")=Ii{a'®x',a"®x") = (-l)l^'ll""lEfe,i bk,mk- 

Proof In the following proof, we use $ to denote all the isomorphisms switching the factors of a tensor product 
graded group. Precisely, let (ii, • ■ • , i„) be a permutation of (1, • • • , n), then ^: Ax® - ■ -^An Ai^®- ■ ■®Ai^. The exact 
formula for $ is quite complicated, but the regulation is simple. $(ai®- ■ ■®am) = (— 1)^0^^(25- • ■®ai^, where the sign 
is determined by identifying • • • ®x®y® ■ ■ ■ with (— • ■ • ®y®x® ■ ■ ■. So for coalgebras (Afe, A*^), k — 1, ■ ■ ■ ,n, the 
coproduct of the tensor product coalgebra Ai®- ■ ■®An is A'^"-': Ai®- ■ ■®An > {Ai®Ai)®---®{An®An) — > 
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{Ai<Si- • -iSiAn) <S) (^i(8>- • -iSiAn). A^") is simply denoted by (g) • ■ • (g) A" in other part of the paper (for example, 
Theorem 3.3). 

Let everything be as in the proof of Theorem 1.6. Specifically, the base of kcrz/j,, coimz/j ~ imzj. and cokeri/j are 
respectively tk, ifc and Cfe and d is a 1-1 correspondence from to tk- Then tfeUifeUcfe is a base of H^..{Ak) Ui^ H^{Xk) 
and so H^,{Ak) U^^ Ht,{Xk) is a subgroup of U{k). Define chain complex homomorphism A^: U{k) — > U{k)®U{k) that 
is an extension of the coproduct of Ujj. H^{Xk) as follows. For y G qk such that dy = x and Afc(x) = Sj x-Kix", 

define Ak{y) = i;iX-(g)S-', where tte- = a;-, x'- = x'- if a;- e fife and = x[, dx" = (-l)l'^'la;-' if a;- ^ tfe- A^ is 
neither coassociative nor cocommutative but satisfies {d^d)Ak = Akd. Let Afe:S'*(Xfe) be the 

coproduct induced by the geometrical diagonal map A(a;) = (a;, a;). f/*(A;) is a chain subcomplex of but Ak 

may not be the restriction of Ak on Ut:{k). Define chain homotopy from Afc to Ak as follows. For a e ifeUCfe, since 
(Afc— Afe)(a) ~ 0, we may define '!?fe(a) to be any fixed element such that (cZ(g)d)(i?fe(a)) = (Afc— Afe)(a). For a G tk, 
b S qfc, db = a, we have (c?®c?)(Afc— Afe)(&) = (A^— Afc)(a). Define ??fc(a) = (A^— Afc)(6) and ^k{b) = 0. It is obvious 
that Afc— Afc = '&kd + {d®d)'&k and so the following diagrams are homotopy commutative. 

(K(fc),rf) ^ {S*{Ak),d) {U4k),d) {S4Xk),d) 

Ak i Ak i Ak i Ak i 

((T4(fc)(8)(K(fc),(i(g)(i) iS4Ak)®S4Ak),d®d) (?7,(fc)®(?7,(fc), digxi) {S^{Xk)^S^iXk),diSid) 

Let (C*(m),(i) = (C/*(l)(g)- • •(8>t/*(m), dig)- • -(gxi) and {S^{m),d) = {S^{X-i)®- ■ ■®S^{X^),d®- ■ -^d). The coproduct 
chain complex homomorphisms are as follows. 

AM:C*(m) > U^{1)®U^{1)®- ■ ■®U^{m)®U^{m) a(m)(g)a(m), 

AM:S'(m) '^'^"'^'^"'> S'*(Xi)(8)5,(Xi)(g)---0S'*(X„)(g)S'*(X„) A 5*(m)0S'*(m). 
The homotopy i?^'") from A^"*) to A^™) is defined as follows. Let iJ^™) = e^^iAiO- • •oAfc.i^iJfc^Afe+i®- • -^A^, 

then = $^?M:C*(m) )■ ^^(^^^^^(Xi)®- • •®S'*(X„)®S'*(X„) S'*(m)0S'*(m). It is easy to check that 

(d®d)i?('") + ^^""U = A^^'-A^™). 

Similar to the construction of (C,(M),d), define chain subcomplex (5,(M),(i) of (5*(TO),(i) as follows. For a subset 
(T C [m], define (5*((7),d) = (T*(l)(8)- • -^T^m), • -(gd), where T^fc) = S^{Xk) if fc G (t and r*(A:) = S^{Ak) if 
k ^ a. Then for cr C cr', (S'*(cr),d) is a chain subcomplex of (^^((t'),^) and for all a, r C [m], S'»(cr)n5'*(r) = 5'*(c7nT). 
Define S',(M) = +(TeKS,t{a). Then {S^{M),d) is a chain subcomplex of (^^.(M),^) and denote the inclusion by 
iM'{S*{M),d) — >■ {St,{M),d). Similar to the proof for im, we have that iu is a chain homotopy equivalence. By 
definition, A^™) is the restriction of A: S'*(X) — >■ 5*(X)(8)5,(X) (X = XiX - • - xX^ and A is the approximation of the 
geometrical diagonal map A(a;) = (a;, a;)). So 5*(M) is a subcoalgebra of S'*(M). Denote the restriction of A^"*' on 
5*(M) by A^:54M) 'S ^{M)^'S *{M) . Let i'^-C^iM) S^M) be the inclusion. Then we have the following (not 
commutative!) diagram 
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A*^; A*^; A 4, 

C*{M)®C*{M) > S*{M)®S^{M) y S^{M)®S^{M) 

such that Aijvf = {iM®iM)^^ but A*^i^ and (i'^(8)z^)A''^ may not be equal. However, the restriction of i?^'"^ on 
C*(M) is a homotopy from A*'^ z'^ to (i'^0z^)A*^. So we have the following commutative diagram of homology groups 

H,{C^{M),d) ^ H,{M) 

i A 4. 

H4C4M),d)m*{C4M),d) )■ H^{M)®H*{M). 

Now we compute the coproduct of Ht,{M) by A*^. The generating coalgebra {T^{K; X , A) , A'^) is a subcoalgebra 
of (C,(M), A^). Prom the proof of Theorem 1.6, we have the direct sum decomposition (C*(M), d) = ®xeA{C*{x), d), 
where A is the base of T4K;X,A). For a; e A, if A'^(a;) = SiCia;^®^, a;^,< e A, Ci e F\{0}, x'i e Tf''"^'* {X , A) , 
x'l G Tf' A), then A^(C*(a;)) C eiC*(a;-)(g)C*(a;-')- Let A be the projection of A^|c.(x) to the summand group 

C,(xJj)®Ch.(x'^') of ®iC^{x'^)®C^{x'l). If we can find chain complex isomorphisms that satisfy the following commutative 
diagram 

where A^ is as defined in Definition 3.1 and F(s) is the trivial chain complex generated by s, then the theorem holds. 

For X = ai®- ■ -i^am & A with x G T^''^{X, A), suppose A/j(afe) = S c/j a^^ajj', where Cfe G F\{0}, a')., a'l G IfeUi/jUCfe. 
Then 

A^{x) = E (-l)^(cr • •c„)(ai«)- • •0a;„) (a'/«)- ■ -^a^), 
where s = Ei>j|aJ||aJ|. Suppose a;' = ai0---(g)a;„ G Tf''^\x,A) and x" = a'{(g)- ■ -m'^ £ Tf"'""(X,A). Denote by 
A: C*(x) — !> C*(x')(g)C*(a;") the projection of A'^\c,(x) to the summand group C*(a;')ig)C*(a;") of the direst sum group 

©C,(x')8)C,(x"). 

Define chain complex {Sk,d), {Tk,d),{Tl.,d), {Tj,' ,d) for /c — l,---,m as follows. S'fc is 2-dimensional generated 
by 1 and e with de = 1 and |e| = 1, |1| = 0. {Tk, ,d),{Tl.,d),{Tl!,d) are all 1-dimensional chain subcomplex of 
(K(fc), d) generated respectively by Uk, a'/., a'^. Then (C*(x), d) is a chain subcomplex of (5i®Ti0- • -^Sm^Tm, d^- ■ -0^) 
by regarding bi<^- ■ -^bm as ui(8>ai<8>- • ■(8)Wm'S'«m5 where Ufe = 1 if 6fe = and Ufe = £ if d6fc = Uk- Similarly, 
(C*(a;'), rf), (C*(a;"), d) are chain subcomplex of (SiOTi' • ■ • Sm®T^, d®- ■ -Od), (5i(8)Tf O ■ • ■ Sm^T^, d®- ■ -^d). 
Define coproduct A^:Sk ^ Sk^Sk and A|':Tfc T^^Tl^ as follows. Aj(afe) = a'^m'^. Af(l) = l(g)l, Af(e) = l^s 
if ^ ik and ajj.' G fife, A^(e) = £(8)1 otherwise. Then A:C*(a;) — >■ C*(a;')(S)C*(a;") is just the restriction of the co- 

_ Af OAf (8)---0A^igiA^ 

product homomorphism A: 5i«)Ti®- • •(8)S'm®T„ 5- {Si^Si)®{T{®T{')®- ■ ■®{Sm®Sm)®iT^'S>T^) 

{Si^T{^- ■ ■^Sm^Tl^)®{Si^Tl'®- ■ -^Sm^Tl^). We have the following commutative diagram 
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(5i(8)- • •(8>5„)(8)(ri(g)- • -OT^) A • ■05„)(g)(5i(8)- • ■^Sm)'S>{Ti®- ■ •(8r^)(g)(T{'(g)- • -(giT^). 

Prom the restriction of the above diagram on C*{x) and C*(a;')0C*(a;"), we have the following diagram 

C,{x) A C,{x') ^ Cix") 

T,C4K^,^)(g)¥{x) A Sa(Js:a',a,')®5]a(ifa",u,")«'F(a;'(8)a;"), 
where is as defined in Definition 3.1. It is easy to check that $:C*(a;) ^C*{K(r,ui)^¥{x) is just the isomorphism 
{C^{x),d) (Sl^l+ia(if<,,<^),4) ^ (Sl^l+ia(-ft:^,<^),d) defined in the proof of Theorem 1.6. 

Example 3.5 Let M = Z{2'^;X,A) be as in Example 2.6. We have three coproducts on H^{M). A is the 
homology coproduct as defined in Theorem 3.4. A^ is the coproduct of the generating coalgebra T*(2'^;X, ^) = 
-ff*(5^i)0- • ■^Hi.iYm)- A^ depends on the choice of base and is in general not coassociative. A = A^i(g)- • ■(8)A^'", where 
A^*" is the homology coproduct of H^{Yk). A is purely algebraic. Let A^ be the coproduct of H^,{Ak) Uj^. H^{Xk). 

Now we prove A = A. Let x = ai®- ■ -m-m G T^''^{2^;X,A). For fc ^ r, Ak{ak) A^^iat) = A^'=(afc). For e r 
and Qk e cokcrife, Afe(afe) = A^'=(afe) = A^''{ak). For fc e r and ak G imifc, if Afe(afc) ^ A^'=(afe), then Afe(afc) - 
A^''(afc) = T^a'i^^a'l., where one or both of a'^. and aj! is in keri^. This implies (A^ — A)(x) = Tix'®x" , x' E T^'" {X,A), 
x" € (X, A), one or both of w'rir and ijj"^t is not empty. By the computation of Example 2.6. H"'^{2'^) = 

if wnr ^ (j) and i?^'''(2^) = F if wHr = (/>. So the restricted coproduct A«: HV"' {K)®Hf''^" {K) is 

if w'nr ^ or uj"r\T ^ (j) and A^: HZ''^{K) Ht''"^' {K)®Hf'"" {K) is an isomorphism if w'nr = ^ and a;"nr = 
(A^(^!)) = ^(g)(;i) . By Theorem 3.4, A(a;) = A(a;). 

4 Diagonal tensor product of (co) algebras 

Definition 4.1 Let everything he as in Definition 1.3 and Definition 3.1. 

The universal coproduct A^: H^{K; S, O) H^{K; E, n)®H^{K; S, il) is defined as follows. For {a, uj) G I{K; E, fi) 
and X G H^"'^{K), A^ (x) = 'E A'^j^''^ ''^ (x), where the sum is taken over all a'Da" C ct, w C uj'Uuj" (empty set is 
allowed), {a' ,oj'),{a" ,uj") G I{K;J:,n) and A'^]'^'"'''^" : H^''^ {K) ^ Hf •'^\K)(E)Hf {K) is the restricted coproduct 
A^ in Definition 3.1. {H^{K;T,,Q), A^) is called the universal system coalgebra of K with index set I{K;'E,fl). 

Dually, the universal product Uk: H*{K;Ti,0,)iS)H*{K;Y,,Q,) ->• H*{K;Ti,0,) is defined as follows. For {a',u)'), 
{ct",uj") G I{K;J:,CI) and x' G H*,^^,{K), x" G H*„^^u{K), nK{x' ,x") = Sn^;^';^,^,,^„(a;',a;"), where the sum is taken 
over all a'VJa" C a, w C w'Uw", {a,Lj) G I{K;Y,,Vt) and H^, ^^,{K)®Hl„ ^^„{K) H*^^{K) is the restricted 

product Ur in Definition 3.1. {H*{K;T,,Sl),'n.K) is called the universal system algebra of K with index set I{K;'E,fl). 

The normal coproduct A^: Ht,{K; S, fi) -> H^{K; E, n)®H^{K; E, f2) is defined as follows. For {a, w) G I{K; E, ft) 
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andx e H^'"{K), A^{x) = S A^'^''^''""(a;), where the sum is taken over alla'Ua" C a, w = uj'Uoj", {a' ,uj'),{a" ,u>") G 
I{K; S, ri). (_ff»(i4r; E, fi), A^) is called the normal system coalgehra of K with index set I{K; E, fl). {H^,{K; (p, [m]),A^) 
is a coassociative, cocommutative graded algebra with unit (see the remark after Theorem, J^.l). 

Dually, the normal product Hk'- H*{K;T,,D,)(g)H*{K;T,,n) — > H*{K;'E,Q) is defined as follows. For {a',Lu'), 
{a",oj") G I{K;E,fl) andx' S H*,^^,{K), x" e H*„^^„{K), IiK{x',x") = Kwy;^"^^' ^x")^ «''*ere the sum is taken 
over all cr'Ucr" C a, u = co'Ulo" and {cr,Lj) £ I{K;'E,Q). ; E, fi), n^f ) is called the normal system algebra of K 

with index set I{K;T,,Sl). {H*{K;(j), [m]),]!^) is an associative, commutative graded algebra with unit. 

The special coproduct A^: E, f2) — >■ E, f2)(8)if*(ii'; E, O) is defined as follows. For {<t,uj) e I{K;T,,Sl) 

and X G H^''^{K), (x) = EA^'^^'"^'" (x), where the sum is taken over all a = a'Ua", uj = uj'Uuj" (U disjoint 
union). E, f2), A^) is called the special system coalgebra of K with index set I{K;'E,Q,). It is a coassociative, 

cocommutative graded algebra with unit (see Example 4-6). 

Dually, the special product Uk'- H*{K;Il,V.)^H*{K;J^,il) -> H*{K;T,,n) is defined as follows. For {a',uj'), 
(cr",tj") e /(if;E,rj) andx' G H*,^^,{K), x" G H*„^^„{K), T{k{x',x") = «/ cr'ncr" ^ cf), or w'Hw" ^ <j), or 
(a'Uo-",w'Uw") ^ I{K:T.,VL) andTlKix' ,x") = K'l'.<T';u:"i^' ^^")' «/ cr'ncr" = 0, uj'Huj" = (p and {a,uj) G I{K;Y.,n), 
where u = a'VSa" , co = oj'Doj". {H*{K; E, Q),I1k) is called the special system algebra of K with index set I{K; E, f2). It 
is an associative, commutative graded algebra with unit. 

Definition 4.2 Let {A, A^), (_B, A^) be two coalgebras such that both A and B are systems with the same index set 
K, then their diagonal tensor product coalgehra (A, A^)(E){B, A-^) = (A(E)B, A^®^) is defined as follows. The diagonal 
tensor product group A<S)B is a subgroup of A®B. Denote the inclusion by i. A®B is also a quotient group of A®B over 
the subgroup AVB = ®a,fizK,ajtfiAa®Bp. Denote the quotient homomorphism by j. Then A"^®^ = (j(8)j)(A'^®^)i, as 
shown in the following diagram 

A^^'^:A%B A^B > {A^A)®{B®B) A {A^B)^{A^B) ^ {A§B)®{A%B). 

Dually, let 11^), (S,]!^) be two algebras such that both A and B are systems with the same index set A, then 
their diagonal tensor product algebra nA)(8>(-B, IIb) = (^(8)B, Il^gg) is defined as follows. H^g^ = j{^A^B){i'^i), 
as shown in the following diagram 

n^Ss- iA§>B)^{A^B) ^ {A(g>B)(g>iA(g)B) A {A(g)A)^{B^B) a^B A (A^B). 

With above definitions, Theorem 3.4 can be restated as follows. 

Theorem 4.3 Let everything be as in Theorem L6. 

The homology coalgebra of M is isomorphic to the diagonal tensor product of the universal system, coalgebra of K 
with index set I{K;X,A) and the homology generating coalgebra of K with respect to {X,A). Dually, the cohomology 
algebra of M is isomorphic to the diagonal tensor product of the universal system algebra of K with index set I{K; X, A) 
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and the cohomology generating algebra of K with respect to {X, A) . Precisely, 

(H^iM), A) - {H,{K; E, n), A^)g(r,(i^; X, A), A^), {H*{M),U) - {H*{K; E, 17), Uk)§.{T*{K; X, A), Ut). 

If K is a simplicial suhcomplex of L andi,i„^u: o-i"£ o-'' Theorem 1.6, then the hormmiorphism 

is: H4K; E, ft) = (B(a.^)ei(K:X,A)H:'^ (K) > ®(.,.;)G7(L;X,A)i?* '"(■^) = H^L; S, n) 

is a coalgebra homomorphism and the inclusion iT'-Tif{K; X, A) — > Tt,[L; X, A) is a monomorphism of coalgebras. 
i = is^ir = ®{a,uj)ei{K;X,A) V.w®!- Dually, 

is an algebra homomorphism and i^:T*{L;X,A) — >• T*{K;X,A) is an epimorphism of algebras, i* = ig^i^ = 

®((T,u;)eI(K;X,A) Co;"^!- 

Proof Since the restricted coproduct is natural, i.e., the foUowing diagram 

h:'^\l) ^ Hf^^'iL)m:"-^"iL) 

is commutative, is is a coalgebra homomorphism. 

Theorem 4.4 Let everything be as in Theorem 1.6. If for k = 1, - ■ ■ ,m, there is a subcoalgebra ife of H^{Ak) such that 
Ht,{Ak) = ife®kerifc. Then the homology generating coalgebra {Ti,{K;X,A),A'^) is a coassociative, cocommutative graded 
coalgebra with unit and the cohomology generating algebra {T*{K;X,A),'n.T) is an associative, commutative graded 
algebra with unit. The universal (co)algebra in the diagonal tensor product can be replaced by the normal (co)algebra, 
i.e., 

(i?*(M),A) ^ (ir,(if;E,f7),A^)§(T,(if;X,A),A^), {H*{M),n) = E, 17), nK)®(T*(i^; X, A), Ht). 

Proof The coproduct A^ of H^{Ak) Ui, H^{Xk) satisfies Afe|H.(A,) = /^"-^^"^ and /^k\H,(x^) = A^*(^'=). So 
Ht,{Ak) Ujj. II^{Xk) a coassociative and cocommutative graded coalgebra with unit. Since coimi^ is a subcoalgebra of 
H^{Ak), A"^ satisfies that if a; G T^''^{X,A) and A'^(x) = ^^x'^(g>x'^ with £ Tf^''^'^{X,A) and x'{ G T^* [X, A), then 
cr-Uir" C a and co = w-Uw". So the universal coproduct can be replaced by normal coproduct. 

Theorem 4.5 Let everything be as in Theorem 1.6. If for k = 1, - ■ ■ ,m, II^{Ak) and H^{Xk) are primitive coalgebras, 
i.e., A(i) = i<S>i for the unit b of both coalgebras and A(a;) = b®x + x®b for all other base element x. Then by Theorem 
4-4, {T*{K;X,A),A'^) is coassociative, cocommutative, with unit and {T*{K;X,A),'n.T) is associative, commutative, 
with unit. The normal (co)algebra in the diagonal tensor product can be replaced by the special (co)algebra, i.e., 

{H4M),A) ^ {H,{K;j:,n),A'')^{T4K;X,A),A^), {H*{M),U) ^ {H*{K;^,n),nK)^{T*{K;X,A),UT). 

Proof Ht,{Ak) Uj^ Ht:{Xk) is also a primitive coalgebra. So A^ satisfies that if a; G T^'^{X, A) and A'^(a;) = T,iX^^x" 
with x'i G T^'""''{X,A) and x'^ G t5'"^'(X, A), then a = a^Ua'/ and w = uj^Uoj'/. 
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Example 4.6 The most general polyhedral product satisfying the condition of Theorem 4.5 is the polyhedral product 
Z{K; SX, SA), where S = S^A is the suspension of a space with base point and Z{K;X,A) is a polyhedral product 
satisfying the condition of Theorem 1.6. As ungraded groups, H^,{Z{K; SX, SA)) and H^,{Z{K; X, A)) are isomorphic, 
but the coproduct may be very different. 

The cohomology generating algebra {T^,{K; SX, SA),IIt) is a very interesting algebra. We will study a typical case. 

Let be a simplicial complex with vertex set a subset of [m] and E,f2 be two subsets of [m]. Define polyhedral 
product M = Z{K;X,A), {X,A) = {(^fe,^fe)}feLi as follows. {Xk,Ak) = if A; ^ S, where * is the base 

point of S^; {Xk,Ak) = {D^,S'^) if fc e S but fc ^ f2, where 5^ is the boundary of D^; {Xk,Ak) = {S^,S'^) if 
k G Snn, where 6:S'^ is the inclusion map defined in Example 1.8. Since T^{X,A) is evenly graded, we 

regard it as ungraded. All kerife, cokeri^, imi^ = coimi^ are one dimensional and suppose a fixed generator is given. 
For base element x = ai®- • -00™ G T^{X,A), let a = {k\ak € cokeri^} and w = {k\ak G kerifc}. Then the 
correspondence x —5- (a, w) is a 1-1 correspondence from the base of T^,{K•,X,A) to I{K;J^,fl). We identify the two 
objects by the correspondence, i.e., I{K;J^,il) is a base of T^.{K; X, A) with coproduct defined as follows. For 
(ct, w) e I{K]J^,V,), A'^(cr, w) = E ((t', w')®((t", w"), where the sum is taken over all cr'Ua" = a, uj'Uuj" = uj. Dually, 
T*{K] X, A) is an algebra with base I{K; E, fi) and product defined by [a' ,uj'){a" = if a'Ha" ^ (f), or w'Rw" ^ (j), 
or {a'Ua",u)'Uuj") ^ I{K;j:,Cl) and {a' ,w'){a" ,w") = {a'Ua' ,w'Ulo") otherwise. 

By Theorem 4.5, 

(F*(M),n) ^ {H,{K;i:,n),A'')^{n{K;X,A),A'^) ^ {H4K;E,fl),A''), 
{H*{M),U) ^ {H*{K;^,n),UK)^{T*{K;X,A),UT) ^ {H* {K;^,n),UK). 
This shows that the special system algebra (coalgebra) is isomorphic to the cohomology algebra (homology coalgebra) 
of a polyhedral product and so is an (co)associative, (co)commutative graded algebra with unit. 

Theorem 4.7 Let K be a simplicial complex with vertex set a subset of [m] and M = Z{K; D^, S^) be the polyhedral 
product such that {Xk,Ai-) = {D^,S^) for k = l,---,m. Then the homology coalgebra (cohomology algebra) of M is 
isomorphic to the diagonal tensor product of the normal system coalgebra (algebra) and the generating system coalgebra 
(algebra). Precisely, 

{H,{M),A) = iH4K;<P, [m]),A^)^{A4m], A), (i/*(M),n) = {H*{K;^,{m]),UKMA*[m],U), 
where {A^[m\, A) and {A*[m\,Il) are dual to each other and the algebra A*[m] is defined as follows. The base of A*[m\ 
is 2[™1 with degree for all. For subsets oj' and w" of [m], n(w', w") = co'co" = (-l)l"'"'^"lu;'Uu;", where |w' n w"| is the 
the cardinality of oj' Hoj". 

For moment-angle complex M = Z{K;D'^,S^) such that {Xk,Ak) = {D'^,S^) for k = l,---,m, the homology 
coalgebra (cohomology algebra) of M is isomorphic to the diagonal tensor product of the special system coalgebra (algebra) 
and the generating system coalgebra (algebra). Precisely, 
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{H,{M),A) ^ {m{K;<j>,[m]),A )§>{A4m], A), {H*{M),Il) ^ {H*{K;<p,[m]),UK)§>{A*[m],U), 
where {A^ [m] , A) and {A* [m] , E) are dual to each other and the algebra A* [m] is defined as follows. The base of A* [m] 
is 2['"1 with degree the cardinality of the subset. For subsets to' and uj" of \ni\, n(a;',a;") = if uj'Cmjj" ^ <j) and 
n(cij',a;") = ui'io" = {—lyw'^u}", where (—1)^ is the sign of the permutation from uj'Uuj" (w', w" ordered) to its ordered 
set. Precisely, ifco' = {ji,---,ju}, w" = {ku+i,- ■ ■,ks}, w'Uw" = {ii,---,is}, ii<---<is, ji<- ■ ■<ju, ku+i<- ■ ■<ks, then 
{—ly is the sign of the permutation ( *^ *" '""""^ ). 

Proof H^:{S^) is 2-dimensional generated by its two isolated points xi,X2. Take the unit to be Xi G coimifc=iniifc, 
then X1—X2 is a generator of kcrifc. Since A(xi—X2) = X2(8'X2 = (xi— a;2)(8)Xi + (x2— a;i)(X)(a;i— X2)+xi(X'(xi— X2), 

ah Uij. H^{Xk) is the coalgcbra (i?, , A) defined as follows. is 2-dimcnsional generated by unit t and n with 

A{i) = i^i, A{k) = L^K, + K®L — K®K and \l\ = \k\ = 0. M satisfies the condition of Theorem 4.4. Dually, B* is 2- 
dimensional generated by unit 1 and e and the product (n(a, b) is denoted by ab) satisfies £^ = —s. So the cohomology 
generating algebra T*{K;X,A) is isomorphic to B*®- ■ -i^JB* (m-fold) which is isomorphic to A*[m] by corresponding 
{ii, ■ ■ ■ ,is} in ^*[m] to ui®- • -^Um in B*(8>- • -^B*, where Ui^ = £ for fc = 1, • • • , s and Uj = 1 otherwise. 

Similarly, H^{S^) is 2-dimensional generated by unit \l\ = and |k| = 1. So all Ht,{Ak) Uj^ H^{Xk) is the coalgebra 
(B*,A) defined as follows. B^ is 2-dimensional generated by unit i and k € kerife such that A{l) = l^l, A{k) = 
i<^K+K^L. M satisfies the condition of Theorem 4.5. Dually, B* is 2-dimensional generated by unit 1 and e and the 
product satisfies = 0. So the cohomology generating algebra T*{K;X,A) is isomorphic to B* (g)- ■ -(gjB* (m-fold) 
which is isomorphic to ^*[m] by corresponding ■ ■ ■ ,is} in A*[m] to ui®- ■ -^Um in B* ®- ■ -^B* , where Ui^. = e for 
k = 1, • • • , s and Uj = 1 otherwise. 

Remark Notice that the coproducts of </>, [m]), A^)(g)(j4*([m]), A) and ^, [m]), A^) differ only in 

sign. The coassociativity and cocommutativity of {H^{K\ (f), [m]), A^)(g)(A,([TO]), A) implies that of {H^,{K; 0, [m]), A^). 
So the normal system coalgebra {H^,(K; (p, [m]), A^) is a coassociative, cocommutative graded coalgebra with unit and 
the normal system algebra {H*{K; </>, [to]), Ilif ) is an associative, commutative graded algebra with unit. 

There is an algebra isomorphism from the special system algebra {H*{K;(j),[m]),'nK) to Toi^^^\¥, F{K)), where 
F[x] = F[a;i,--- 

) is the polynomial algebra generated by xi, - ■ ■ , Xm and F{K^ is the Stanley- Reisner face ring of 
K (see [5]). But the degree of the isomorphism is not natural. The following example shows that the normal system 
algebra {H*{K;4>, [m]),IlK) is not isomorphic to Tor^'^^^F , F {K)) even as an ungraded algebra. 

Example 4.8 Let K be the pentagon, i.e., the vertex set of K is [5] with edges {1,2},{2,3},{3, 4}, {4, 5}, {1,5}. 
Then iJ^/C; ^, [5]) = e„c[5]-f^^" Let u' = {1,3,5} and u" = {2,4,5}. Ht"^' [K) is one dimensional at degree 
1 generated by {1}— {3}; Ht''^ {K) is one dimensional at degree 1 generated by {2}— {4}; Ht'^^\K) = Ht.[K) is one 
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dimensional at degree 2 generated by — {1,5}. By definition, the restricted coproduct A^:if* ' {K) 

Ht'^\K)mt'"" {K) is 

A«({1, 2} + {2, 3} + {3, 4} + {4, 5} - {1, 5}) 
= {1}®{2} - {3}0{2} + {3}®{4} - {5}0{4} - {1, 5}0<^ 

- ({l}-{3})®{2} + ({3}-{l})®{4} + ({l}-{5})®{4} - {1, 5}®0 

- ({l}-{3})®({2}-{4}) 

This shows that the restricted product IIj^: iJ^ ^, {K)®H'^ (K) -> (K) is non-trivial. 

Geometrically, let M — {K;D^,S^) be as in Theorem 4.7 with K a pentagon. Denote by a,/?, 7 the generator 
dual to {l}-{3},{2}-{4},Sf^i{i,i+l} - {1,5} defined above. By Theorem 4.7, a(8>{l, 3, 5}, /3(g){2, 4, 5}, 7®[5] arc all 
non- trivial cohomology classes of H*{M). The above computation shows that the cup product of H*{M) satisfies that 

(a0{l,3,5})U(/3®{2,4,5}) = -7®[5], 

where the sign comes from (—1)1'^'^'^ I. 

For moment-angle complex M = {K;D'^,S^) with K a pentagon, we still have non-trivial cohomology classes 
a(8){l, 3, 5}, /3(8){2, 4, 5}, 7(g)[5]. By Theorem 4.7, (a(8){l, 3, 5})U(/3(8){2, 4, 5}) = since {1, 3, 5}n{2, 4, 5} ^ (p. 

Acknowledgement I express my deepest gratitude to Professor Tony Bahri for his very instructive suggestions. 
Without his help, the paper would be very bad. 
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